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^ I Abstract 

*yv . We present a method of constructing a space of quantum states for a field theory: 

fT^ ' given phase space of a theory, we define a family of physical systems each possessing 

^O ' a finite number of degrees of freedom, next we define a space of quantum states for 

tH- I each finite system, finally using projective techniques we organize all these spaces 

(^ . into a space of quantum states which corresponds to the original phase space. This 

CO ' construction is kinematic in this sense that it bases merely on the structure of 

the phase space and does not take into account possible constraints on the space. 

The construction is a generalization of a construction by Kijowski — the latter one 

is limited to theories of linear phase spaces, while the former one is free of this 

limitation. 



^ 



1 Introduction 

In this paper we are concerned with a construction of a space of quantum states for 
a field theory which could serve as an element of canonical quantization (possibly, a 
modification of canonical quantization) of the theory. More precisely, we would like to 
construct a space of quantum states associated with the phase space of a field theory 
neglecting at this stage possible constraints on the phase space — here we adopt the 
Dirac's approach to canonical quantization of constrained systems: "first quantize, then 



solve the constraints" . In this sense the space of quantum states we are going to construct 
is "kinematic". 

The task of constructing such a space is not very easy because an unconstrained 
phase space of a field theory is an "infinite-dimensional" space. To overcome difficulties 
connected with this property of the phase space one can proceed in the following way: 
first one reduces the phase space to a finite-dimensional one representing a physical 
system of a finite number of degrees of freedom. Once one has defined sufficiently many 
finite systems in this sense that they altogether contain all relevant information encoded 
in the original phase space one defines a space of quantum states (e.g. a Hilbert space) 
for each finite system. The last step of this procedure consists in building a "large" 
space of quantum states from "small" spaces of quantum states, that is, from spaces of 
quantum states associated with all the finite systems. Assuming that the finite systems 
are labeled by a directed set one can try to equip the family of "small" spaces with the 
structure of either (i) an inductive family or (ii) a projective family and then define the 
"large" space as the corresponding inductive or projective limit. 

It turns out that both inductive and projective techniques can be quite successful in 
particular cases. An example of a space of quantum states obtained by an application 
of inductive methods is the kinematic Hilbert space of Loop Quantum Gravity (LQG) 
[1]^, a space of quantum states built by means of projective methods can be found in a 
paper [2] by Kijowski (see also [3]). However, both methods have their limitations: the 
inductive techniques applied in LQG do not work well if the space of "positions" of each 
finite system is non-compact [4], the Kijowski's projective techniques work only for field 
theories of linear phase spaces i.e. of phase spaces possessing the structure of a linear 
(vector) space^. 

In this paper we present a generalization of the Kijowski's construction which is not 
limited by linearity of a phase space. This generalization is, roughly speaking, based 
on two assumptions: (i) the phase space is a Cartesian product P x Q of a space P of 
momenta and a space Q of "positions" , where in general Q is not a linear space (ii) there 
exists a family of functions on Q of special properties which define an embedding of Q 
into a linear space. Let us emphasize that the resulting space of quantum states is not 
a Hilbert space but it is rather a convex set of quantum states which can be identified 
with algebraic states (i.e. linear positive normed functionals) on a C*-algebra which on 
the other hand can be interpreted as an algebra of some quantum observables [2] . 

Regarding possible applications of this generalized method: it was successfully ap- 



^In the original paper [1] presenting the construction of the Hilbert space inductive techniques are 
not used explicitely, but it can be shown that this Hilbert space is the inductive limit of a family of 
Hilbert spaces associated with some finite systems — see e.g. [4] for some details. 

^The Kijowski's projective techniques need a linear structure to be defined on the phase space of a 
theory. However, they do not require this linear structure to be unique or "canonical". Therefore the 
techniques are applicable if e.g. a phase space is an affine space [3]. 



plied to construct a space of kinematic quantum states for the Teleparallel Equivalent 
of General Relativity (TEGR) [5, 6, 7] being a theory of a non-linear phase space — in 
fact, our wish to quantize TEGR was the main motivation in developing this method. 
Thus in the case of TEGR the method allowed to carry out the first step of the Dirac's 
procedure, that is, "first quantize" (the second step, i.e. "solve constraints", is in this 
case much harder than the first one and by now we are still far away from a solution). 

Let us mention also, that there is a by-product of the generalized method. Although 
the method uses projective techniques it turns out that for each theory for which the 
method works well one can additionally construct another space of quantum states 
using inductive techniques. This another space is a Hilbert space constructed from 
some almost periodic functions. 

The paper is organized as follows: Section 2 contains preliminaries, in Section 3 being 
the main part of the paper we present detailed assumptions underlying the generalized 
construction of the space of quantum states, carry out the construction and finally 
present some facts which may be helpful while applying the generalized method in 
practice. Section 4 describes the by-product of the construction, that is, the Hilbert 
space of almost periodic functions mentioned above. In Section 5 we present an example 
of an application of the generalized method — we construct a space of quantum states 
for a simple field theory called degenerate Plebahski gravity. Finally, Section 6 contains 
a discussion of the results. 

2 Preliminaries 

The construction of spaces of quantum states we are going to describe in this paper will 
be obviously patterned on the original one by Kijowski [2]. Additionally we will apply 
some notions like e.g. cylindrical functions or some linear operators on them taken from 
LQG (see e.g. [8, 9, 10, 11] and references therein). 

Consider a Hamiltonian formulation of a field theory. Assume that the phase space 
of the formulation is a Cartesian product P x Q, where P is a space of momenta and Q 
is a space of "positions" which will be called here a Hamiltonian configuration space. A 
point p £ P as well as a point q £ Q is a (collection of) field(s) on a manifold T, which 
can be thought of as a space-like slice of a spacetime. 

Let /C be a collection of real functions on Q. The functions in /C will be called (config- 
urational) elementary degrees of freedom if they separate points in Q. A configurational 
elementary d.o.f. will be usually denoted by k possibly with some indeces. 

Similarly, let J-" be a collection of real functions on P. The functions in T will 
be called (momentum) elementary degrees of freedom if they separate points in P. A 
momentum elementary d.o.f. will be usually denoted by ^p possibly with some indeces. 

Let K = {ki, . . . , Kjv} C /C be a finite set of elementary d.o.f.. We say that q £ Q \s 



iC-r elated to g' G Q, 
if for every ki ^ K 



q ^K q\ 



Kiiq) = Ki{q'). 



Clearly, the relation ^k is an equivalence one. Therefore it is meaningful to consider 
the following quotient space 

Qk ■■= Ql ~x . (2.1) 

Note now that there exist an injective map^ from Qk into M : 

Qk ^ [q] ^ K{[q]) := {Ki{q), ..., KN{q)) € M^, (2.2) 

where N is the number of elementary d.o.f. constituting K and [q] denotes the equiva- 
lence class of q defined by the relation ~/^. 

We will say that elementary d.o.f. in i^ = {ki, . . . , kn} are independent if the image 
of K is an A^-dimensional submanifold of M^. Then the map X is a bijection onto 
its image and therefore it can be used to pull-back the topology and the differential 
structure from the image onto Qk- In this case functions (xi, . . . ,xn) defined as 

QK3[q]^Xi{[q]):=Ki{q)eR (2.3) 

constitute a global coordinate frame on Qk- Note that 

{x,{[q]),...,Xj,{[q]))=K{[q]). 

It may happen that for distinct sets of independent d.o.f. K and K' the spaces Qk 
and Qk' coincide, i.e. for every q £ Q 

[q] = [q]', 

where [q]' is the equivalence class defined by the relation ^k'- We assume that then 
the topologies and differential structures defined on Qk = Qk' by K and K' coincide 
as well — in other words we assume that K' o K~^ is a diffeomorphism from the image 
of K onto the image of K'. 

Definition 2.1. A quotient space Qk will be called a reduced configuration space if the 
elementary d.o.f. constituting K are independent. 



^A set K is unordered, thus to define tiie map K one has to order elements of K. However, every 
choice of the ordering is equally well suited for our purposes and nothing essential depends on the choice. 
Therefore we will neglect this subtlety throughout the paper. 



Since now the symbol Qk will denote a reduced configuration space defined by the 
set K of independent d.o.f.. 

Denote by pr^^ the canonical projection from Q onto Qk'- 

Q3q^pTK{q) = [q]£QK. (2.4) 

Definition 2.2. We say that a function ^ : Q ^ C is a cylindrical Junction compatible 
with the set K of independent d.o.f. if 

^ = pr;^V (2.5) 

for some smooth function ip : Qk -^ C 

Suppose now that Qk = Qk'- Then ^ is a cylindrical function compatible with K 
if and only if ^ is a cylindrical function compatible with K' . 

Denote by Cyl a complex linear space of functions on Q spanned by all the cylindrical 
functions on Q. We assume that each elementary momentum d.o.f. (p defines a linear 
operator tp on Cyl via the Poisson bracket on the phases space P x Q 

Cyl 9 ^ ^ (^^ := {if, ^} € Cyl (2.6) 

or, if necessary, a suitable regularization of the Poisson bracket at the r.h.s. of this 
formula (for an example of such a regularization see [8]). 

We will denote by J-" a real linear space of operators on Cyl spanned by the operators 
(2.6): 

J" := spanjjj (p \ (p G T }. 

3 Construction of the space of quantum states 

In this section we will construct a space V of quantum states for a theory of the phase 
space P X Q. As emphasized in the introduction this construction is a generalization of 
the construction described in [2] — a detailed comparison of the construction presented 
here and that of [2] can be found in Section 6.2. 

3.1 Outline of the construction 

Before we will describe the construction let us denote by F the set of all finite dimensional 
subspaces of J-" and by K the set of all finite sets of independent elementary d.o.f.. An 
element of F will be usually denoted by -F, and an element of K by K. 

The start point of the construction will be a suitably chosen subset A of F x K 
equipped with a binary relation > defining on it a structure of a directed set. The 
construction of the space of quantum states will consists of the following steps: 



1. we will show that it follows from properties of (A, >) that if a pair of its elements 
satisfy {F',K') > {F,K) then there exists a projection w^k' from Qk> onto Qk 
and for every triplet {F",K") > {F',K') > {F,K) the corresponding projections 
satisfy 

P^'^KK" = P^KK' ° P^'^K'K"- 

2. next, we will show that, given a pair A' = {F',K') > A = {F,K), there exists a 
distinguished injection cja'A : Qk — ^ Qk' such that 

pr^K' ° ^A'A = id 
and 

'^A"A = '^A"A' o ^A'A 

for every triplet A" > A' > A of elements of A. 

3. for every A = {F, K) G A we will define a Hilbert space T-Lx as a space of functions 
on Qk square integrable with respect to a measure on Qk- 

4. we will show that, given A' = {F',K') > A = {F,K), the projection Wkk' ^^^ 
the injection OJyx define a projection Tr;^^' from a space Pa' of all density operators 
(i.e. bounded positive operators of trace equal 1) on 1-L\i onto a space T>\ defined 
analogously. For every triplet A" > A' > A the corresponding projections will 
satisfy 

ttaa" = ttaa' oTTa'A", 
which means that the set {^A)'''"AA'}AeA "^^iU be a projective family; 

5. finally, the space of quantum states T> will be defined as the projective limit of 

{^^AjTTaa'IasA- 

3.2 Additional assumptions 

To ensure that the construction outlined in the previous subsection will work we have 
to impose on the directed set (A, >) some Assumptions: 

1. (a) for each finite set Kq of configurational elementary d.o.f. there exists (F, K) G 
A such that each k G Kq is a cylindrical function compatible with K] 

(b) for each finite set Fq of momentum elementary d.o.f. there exists (F, K) G A 
such that (f (z F for every cp (^ Fq; 



2. if {F, K) G A then the image of the map K given by (2.2) is M (where N is the 
number of elements of K) — in other words, K is a. bijection and consequently 

Qk = M^. 



3. if (F, K) G A, then 

(a) for every (p ^ T and for every cylindrical function ^ = pr^^ compatible with 

K = {Ki,...,KAr} 

N 

i=l 

where {Ox } are vector fields on Qk given by the global coordinate frame 

(2.3); 

(b) for every (p ^ T and for every k ^ K the cylindrical function (pK is a real 
constant function on Q; 

4. if (F, K) £ A and K = {ki, . . . , kn} then dimF = N; moreover, if ((^i, . . . , c^tv) 
is a basis of F then an A^ x A^ matrix G = (Gji) of components 

is non-degenerate. 

5. if (F, A:')> (-^, K)eA and Q;^' = Q;^ then (F, AT') > (F, K); 

6. if (F',A'') > (F,A:) then 

(a) each d.o.f. K is o linear combination of d.o.f. in K'; 

(b) F C F'. 

3.3 Physical motivation for the construction 

The physical motivation for this construction is exactly the same as that presented in [2] . 
According to it each elementary d.o.f. represents a measuring device by means of which 
one can extract some information about a point {p, q) in the phase space. Consequently, 
a pair (F, K) £ A represents a finite collection of such devices: {(pi, . . . , ip^} generating 
a basis {ipi, . . . ,ip]\f} of F and {ki, . . . ,K]\[} constituting K and defining a reduced 
configuration space Qk- Thus, given a point {p,q) in the phase space, a pair {F,K) 
provides us with a partial information about the point. Therefore a pair {F,K) can be 
called a reduced physical system where the word "reduced" is used with respect to the 
complete system represented by the phase space P x Q: uncountably many d.o.f. of 
the phase space are reduced to a finite number of d.o.f. defining (F, AT). Assumption 
4 in cases when operators (2.6) are given by a genuine Poisson bracket amounts to the 
non-degeneracy of the bracket on the corresponding reduced system or, equivalently, to 
the existence of a symplectic structure on the phase space of the reduced system. 



The relation > between points of A, that is, between reduced systems is meant 
to be a relation system-its subsystem: if A' = {F', K') > A = (F, K) then by virtue of 
Assumption 6b the space F' representing momentum d.o.f. of the system A' contains the 
space F representing momentum d.o.f. of the system A; on the other hand, by virtue 
of Assumption 6a configurational elementary d.o.f. constituting K' contain complete 
information about configurational elementary d.o.f. constituting K. Thus it is fully 
justified to call A a subsystem, of A'. 

The Hilbert space l-i\ introduced in Step 3 of the construction outline describes pure 
quantum states of the system A while the space V\ introduced in Step 4 represents mixed 
states of the system. The task of the projection vr;^;^' : D\i — )■ T)\ is to reduce quantum 
d.o.f. of a system A' to quantum d.o.f. of its subsystem A. Finally, the projections 
{ttaa'} are used to "glue" all spaces {X^a} into a large space T) representing all quantum 
states of the original theory. 

3.4 The construction 

We assume that for every set i^ G K considered in this section there exists F G F such 
that (F, K) G A — this requirement will allow us to use all Assumptions listed in Section 
3.2. It does not mean, however, that the requirement is a necessary condition for every 
fact proven below. 

3.4.1 Step 1 

Let us recall that the goal of this step is to prove the existence of projections Pkk' '■ 
Qk' -^ Qk and to describe their properties. 

It follows from Assumption 2 that on every reduced configuration space Qk under 
considerations the corresponding map K given by (2.2) defines a structure of a linear 
space which is the linear structure of M pulled back on Qk- Then the coordinate frame 
(2.3) is linear. 

Lemma 3.1. Suppose that independent d.o.f in K = {ki, . . . , kjv} o-re linear combi- 
nations of independent d.o.f. in K' = {k'^, . . . , k^,}. Then the linear combinations 
generate a linear projection p^kk' '■ Qk' -^ Qk such that 

P^K = P^KK'°P'^K'- 

Moreover, if N' = N then Qk' = Qk cmd Wkk' — id. 

Proof. The assumption in the lemma means that there exists a constant matrix B = 
(b/) where i = 1, 2, . . . , A^ and j = 1, 2, . . . , iV' such that 

Kj ^ i> j Kj , 



where a summation over j is assumed. Consequently, 

K^iq) = B^K'j{q) (3.1) 

for every q & Q and for every i = 1, . . . ,N. This formula can be expressed in terms of 
the maps K and K' defined by (2.2): 

k{[q]) = BK'{[q]'), (3.2) 

where [q] G Qk and [q\' G Qk' and the symbols at the r.h.s. denote the standard action 
of the matrix B on the vector K'{[q\'). Because K is injective 

[q]=k~\Bk'{[q]')) (3.3) 

for every q £ Q. This equation defines a map 

prj,K' ■■= K'HBK') (3.4) 

from Qk' into Qk- In other words, 

P^kk'Hq]') = [q]- (3-5) 

Since K' and K define linear structures of, respectively, Qk' and Qk the map pr^^^/ is 
linear. Moreover, because (3.3) holds for every q £ Q the map p^kk' is a projection. 

Using maps pr^ and pr^/ defined by (2.4) and the projection (3.4) we rewrite (3.3) 
obtaining 

Note that because pickk' is a linear projection then N' = dimQK' > diniQi^- = A^. 
Suppose that N = N'. Then p^kk' is a linear isomorphism and consequently the matrix 
B in (3.1) is invertible. Hence for every q G Q and for every j = 1, . . . ,N' 

K'^{q) = BT^'K,{q)- 

It follows from this equation and Equation (3.1) that q ~x q' if and only if q ^k' <?' and 
therefore Qk = Qk'- Then [q\ = [q\' . Setting this to (3.3) we obtain 

[q]=k'\Bk'{[q])l 

which means that p^kk' — i*^- I— ' 

Assumptions 5 and 6a together with Lemma 3.1 guarantee that in the case of sets 
K and K' of independent d.o.f. such that {F,K'),{F,K) G A for some F G F and 



Qk = Qk' the projection pr^^/ exists and is the identity map on Qk = Qk'- Moreover, 
then the matrix B is invertible and Equation (3.2) reads 

k{[q]) = Bk'{[q]), 

which allows us to conclude that the linear structure defined on Qx = Qk' by K 
coincides with one defined by K'. 

Let K" = {k'(, . . . ,k'I^„}, K' = {k'^, . . . , K^,} and K = {ki, . . . , kat} be sets of 
independent d.o.f.. Suppose that (i) every function in i^ is a linear combination of the 
functions in K' ^ {ii) every function in K' is a linear combination of the functions in K" 
and {Hi) every function in i^ is a linear combination of the functions in K" . Thus there 



exist constant matrices B = {Bi^)^ 
and 1 = 1,..., N") such that 


C 


= (C/) ; 


indD- 


= (AO i^ 


= 1, 




,N, 


l^i = Bi Kj, 




k'^ = C, 






Ki = 


A 


1^1 


Consequently, 


. 


D/k[' = 


B^C/ 


' k" 








or, equivalently, 

















K{[q]) = DK"{[qr) = i3CK"(fe]"), 
for every q G Q, where [q] G Qk and [q]" € Qk"- This means that 

K-\DK") = K~\BCk") = K'^(bk'[k'-\ck")] 

Using (3.4) we rewrite the formula above obtaining 

PT^KK" = V^KK' ° V^K'K"- (3-7) 

Note that so far in this step we used solely relations between sets of configurational 
elementary d.o.f. without any application operators in JF. 
By virtue of Assumption 6a 

1. for every pair (F',K') > (F,K) of elements of A there exists a linear projection 
pij^j^, : Qk' —^ Qk defined by (3.4); 

2. for every triplet {F", K") > {F' , K') > (F, K) of elements of A the corresponding 
projections pr^;^;/, Wkk' ^^d Wk'K" satisfy (3.7). 

Regarding the physical meaning of the projection pr^;^/ one can say that the pro- 
jection reduces configurational d.o.f. of the space Qk' to those of Qk- 
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3.4.2 Step 2 

In this step we will show that if {F\ K') > (F, K) then there exists a natural injection 

i^K'K '■ Qk —^ Qk'- 

Let us start by showing that for K = {ni, . . . , kn} G K by virtue of Assumptions 
3a and 3b there exists a natural linear map from J-" into Qk- Consider a cylindrical 
function ^ compatible with K. If (^ € J^ then by virtue of Assumption 3b each cylindrical 
function c^Kj is constant and therefore since now it will be treated as a real number. This 
conclusion together with Assumption 3a gives us 

^* = Pi-x ^i0Hi)dx,'4', (3.8) 

i 

where {dx^} are vector fields on Qk given by the linear coordinate frame (xj) on Qk 
defined by (2.3). Since the coordinates (xj) are linear and {(pm} are numbers the vector 
field ^ii'^i^i)dxi is a constant vector field on the linear space Qk- Thus we constructed 
a map 

if ^ X{ip) ■-= Y,{ipKi)dx, (3.9) 

i 

from the space J- to the linear space of all constant vector fields on Qk- Clearly, the 
map is linear. 

On the other hand there is a natural one-to-one correspondence between constant 
vector fields on the linear space Qk and points of Qk — given constant vector field X on 
Qk^ there exists a unique [q\ G Qk such that for every differentiable function -0 on Qk 

(^V')(N) = ||^^/(M + i[g]). (3.10) 

It is also clear that this correspondence 

X ^ [q] (3.11) 

is a linear isomorphism from the space of all constant vector fields on Qk onto Qk- 

Composing the maps (3.9) and (3.11) we obtain a linear map which associates with 
each i-p ^ JF a. point in Qk- We will denote this point by [c^]. Taking into account (3.10) 
we can express (3.8) in the following form 

mm = ^ m]+m)- (3.12) 

at t=o 

We can say now that, given ip G T, [if] is the unique point in Qk such that (3.12) holds 
for every q £ Q and for every cylindrical function ^ compatible with K. 
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The formula (3.12) and the hnear map 

p3ip^[ip\^QK (3.13) 

just introduced wih serve as tools which will be used below to define injections {i^a'a} 
and to prove their properties. 

Let K' be a finite set of independent d.o.f.. Then there exists a map 

P3^^ [0\' G Qk' (3.14) 

defined analogously to (3.13). Suppose that each elementary d.o.f. in i^ is a linear 
combination of elementary d.o.f. in K' which means that there exists a projection 
Wkk' • Qk' —^ Qk- What is then a relation between [c^]' and [c^]? To answer the 
question consider a cylindrical function ^ compatible with K. Then by virtue of (2.5) 
and (3.6) 

q) = pr|^^ = pr^,(pr^^,^). 

Note that P^xk'"^ ^^ ^ function on Qx' and therefore ^ is compatible with K' also. 
Thus Equation (3.12) can be expressed in the following way: 



d 



dt 



d 



{^-^M = -n . iWKK'^){W\ +m') = 17 , ^i^\V^KK'M)+tV^KK 



t=0^" "" "^^^"^ ''^" dt 



t=0 

- A 

~ di 



^^^tp([q]+tpTKK, 



where in the last step we used (3.5). Comparing this result with (3.12) we see that 

WKK'im') = m- (3.15) 

Let us fix A = {F,K) G A and restrict the map (3.13) to F. An important obser- 
vation is that under Assumption 4 the restriction is a linear isomorphism. Indeed, let 
((fi, . . . , ip]\r) be a basis of F and consider the action of the map (3.9) on the basis: 

N 



ipj ^ x{ipj) = y^jif jKi)dx 



1=1 



By virtue of Assumption 4 {(fjHi) = (Gji) is a non-degenerate matrix which means that 
the map (3.9) restricted to F is a linear isomorphism. Consequently, the map (3.13) 
restricted to -F is a linear isomorphism also. This means in particular that 

[F] = Qk, (3.16) 

where [F] is the image of F under the map (3.13). 

12 



Consider now an element A' = (F', K') > A = (F, K) and denote by [F]' C Qk' the 
image of F under the map (3.14). Assume that for some (p ^ F the point [c^]' belongs 
to the kernel of Wkk'- Then by virtue of (3.15) 

^ = V'^KK'{[0\') = [0\ ^Qk- 

But because <f G F and, as shown above, F is linearly isomorphic to Qk we conclude 
that c^ = and therefore [c^]' = 0. Thus 

kerpr;^^,n[F]' = {0}. (3.17) 

Consequently, pt^k' restricted to [F]' is injective. It is also surjective — by virtue of 
(3.15) and (3.16) 

VTKK'm') = [F]=QK. 

Thus Wkk' restricted to [F]' C Qk' is a linear isomorphism onto Qk- 

Let us define then the desired map wa'a : Qk -^ Qk' as the inverse map to Wkk' 
restricted to [F]': 

\FV 



wa'a := [ P^KK' 
or, equivalently, 



Qk B m ^ ^a'a([^]) := m' G Qk'- (3.18) 

Obviously, the map uiyx is linear and injective and satisfies 

P'^KK' ° ^A'A = id. 

Note that dimkerpr^^^/ = dimQK' — dimQK = dimQx' ~ dim[F]'. Taking into 
account (3.17) we conclude that 

Qk' = kerpiKK' © [F]' = kerpr^^^, <^uJx'xiQK)- (3.19) 

Consider now a triplet A" = {F" , K") > X' = {F' , K') > A = (F,K) and the 
composition ux/'x' o cox'x- The value of 

{ujy'X' o^A'a)(['^]) 

for c^ € F can be found as follows. First the map uyx maps [ip] £ Qk to [ip]' G Qk'- 
Next, we find ip' G F' such that [c^']' = [ip]' . Then ijJx"x' maps [ip']' £ Qk' to [(p']" G Qk"- 
This mappings can be described as follows 

Qk 3 [^] ^ i^]' = i^']' ^ [0']" = (wa"a' o wa'a)([^]) G Qk"- 
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Note now that due to Assumption Qh F C F' which means that (p' = (p and consequently 

(u\ii\i ouxix){{(p\) = [(p\" = a;A"A(['^])- 
Thus 

Wa"A =^A"A' o^A'A- (3.20) 

Let us finaUy emphasize that, given a pair A' = {F',K') > A = {F,K), we denoted 
the corresponding injection by uyx despite the fact that the space F' was not used to 
construct the map — necessary and sufficient ingredients for the construction of coyx are 
sets (F, K) satisfying Assumptions 3b and 4 and a set K' of independent d.o.f. such 
that each elementary d.o.f. in ET is a linear combination of elementary d.o.f. in K' . 
Note also that Assumption 6b was necessary merely for proving the property (3.20). 

3.4.3 Step 3 

In this step we will define a Hilbert space T-L\ associated with A = (F, K) G A. 

Given reduced configuration space Qk generated by i^ € A, due to Assumption 2 
there exists on it a distinguished linear coordinate frame (xj) defined by (2.3). This 
frame defines a measure on Qk 

dfix := dxi . . . dxN, (3.21) 

where A^ = diiaQx- In other words, dfix is a the Lebesgue measure on M pulled back 
by the map K (see (2.2)) to Qk- 

Let us define a Hilbert space Tix as a space of complex functions on Qk square 
integrable with respect to the measure dfix, 

nx:=L\QK,dfix)- (3.22) 

Of course, neither the measure d^x nor the Hilbert space Tix depends on F G A, so 
it would be perhaps more natural to denote them by, respectively, dfiK and Hk, but 
the chosen symbols dfix and Hx will be more convenient for further applications. 

As mentioned already, the space Tix represents pure quantum states of the system 
A. 

3.4.4 Step 4 

Denote by Vx the space of all density operators (bounded positive operators of trace 
equal 1) on the Hilbert space Tix- The goal of this step is to define the projection 
TTx'x '■ T^X' -^ T^x for every A' > A. 

Assume then that A' = {F',K') > A = {F,K). Let us recall that the task of the 
projection ttxx' is to reduce quantum d.o.f. of the system A' to those of its subsystem 
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A. Thus we will decompose the Hilbert space T-L\i into a tensor product of a Hilbert 
space T-iyx describing quantum d.o.f. which should be reduced and a Hilbert space T-iyx 
corresponding to quantum d.o.f. of the subsystem A: 

Ux' = Ux'x ® Ux'x (3.23) 

and then will define the projection ttaa' by means of the partial trace with respect to 
the Hilbert space 'Hx'x- 

A natural way to obtain such a decomposition of T-Lx' is to derive it from a decom- 
position of the space Qk' which underlies the Hilbert space (see (3.22)). We choose the 
following decomposition 

Qk' = ker pr^^^, Qx'x (3.24) 

and will define "Hx'x as a Hilbert space of functions on kerpr^^^/ and T-Lx'x a-s a Hilbert 
space of functions on the linear space Qx'x- To justify this choice of the decomposition 
let us recall that V'^kk' reduces the configurational d.o.f. of Qk' to those of Qk hence 
ker pr^j^; is constituted from the configurational d.o.f. which undergo to the reduction. 
On the other hand, picj^j^i restricted to Qx'x is injective which means that Qx'x contains 
those configurational d.o.f. which survive the reduction. 

Note however that the decomposition (3.24) is not unique i.e. the space Qx'x in 
(3.24) is not unique. As it was shown in [4] projections {vr;^A'} constructed according to 
the prescription just presented do depend on the choice of Qyx- This may seem to be a 
problem but in fact it is not — the passage from the system A' to its subsystem A involves 
a reduction of both momentum and configurational d.o.f of A' and the decomposition 
(3.24) takes into account only the reduction of the configurational ones. So the freedom 
to choose Qx'x corresponds to the freedom to choose which linear subspace of F' is the 
space F of momentum d.o.f. of the subsystem A. This means that to construct the 
projections {vr^A'} we have to find a space Qx'x corresponding to F. 

It seems that a perfect candidate to serve as the space Qx'x corresponding to F is 
the image of the injection coyx — recall that the image corresponds naturally to F and 
that it satisfies (3.19) which is a particular case of the decomposition (3.24). Thus we 
set 

Qx'x = ^\'\{Qk) 

and rewrite the decomposition (3.24) in the following form 

Qk' = kerpr^;^, ujx'\{Qk) 

A'A . (3.25) 

Qk 
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We define now the Hilbert spaces 

^A'A := -^^(kerpr^^,,(i/iA'A), ^A'A := L^{^\'x{QK),d^ix'\), (3.26) 

where the measure d^x'x on oj\i\{Qk) is given by the push- forward 

d^x'x ■■= ^x'x*dfix- (3.27) 

To define the measure dflyx on kerpr^^/ we need to take into account that in some 
cases kerpr^^/ is zero-dimensional i.e. kerpr^^^/ = {0}, where is the zero of the 
vector space Qx' and to define first what is a measure on such a degenerate space. If 
ker pTj^p^i = {0} then one can define a measure dfi on it requiring that for every complex 
function / on kerpr^^^/ 

Jkcrpr^^/ 

where ^ is a real positive number independent of / (one can say that the measure dfi is 
just the number ^). Then the Hilbert space L^ (ker pr^j^/ , d/n) is naturally isomorphic 
to a Hilbert space C of complex numbers equipped with the scalar product 

C^ 3 {z,z') ^ {z\z') ■.= zz'^eC. 

Now it is easy to see that there exists a unique measure djlx'x on kerpr^^^/ such that 
dfiy = djlx'x X dfix'x- Thus we have obtained the following diagram 

dfix' = dflx'x X dfix'x 

x'x, , (3.28) 

dfix 

which corresponds to (3.25). 

It follows from the formulae (3.26) and (3.27) defining, respectively, the Hilbert space 
Tix'X a-nd the measure d^x'X that the following map 

Ux'x 3 ^ ^ f/A'A* := ^A'A^ e Ux, (3.29) 

is unitary and therefore it can be used to identify the Hilbert spaces T-Lx'X and T-Lx- 
Now we can rewrite the decomposition (3.23) in the following form 

nx' = iix'x ^ nx'x 

Uy, = u.l,,. (3.30) 

-Hx 
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which corresponds to the diagrams (3.25) and (3.28). 

Now we are able to define the projection 7r;^'A. Given p € V\i^ we act on it by 
an operator tr^'A of the partial trace with respect to the Hilbert space T-ixx obtaining 
thereby a density operator tr^'A p on the Hilbert space T-iyx- Then we map the resulting 
density operator to a density operator on %\ by an isomorphism u\i\ from the algebra 
;Ba'a of bounded operators on T^a'A onto the algebra B\ of bounded operators on T-Lx 
given by 

-Ba'a ^ a^ ux'\a := Uyx oao Uy{ G Bx- (3.31) 

Thus the composition of trA'A and uyx projects density operators in Dx' to ones in Dx'- 

Definition 3.2. Given X' > A, the projection ttxx' '■ T^\' —^ T^\ is defined by the following 
formula: 

VTAA' := UX'X o trA'A- 



Proposition 3.3. For every triplet X" > X' > X of elements of A 

ttaa" = ttaa' ° tta'A"- (3.32) 



Proof. It will be convenient to describe the partial trace trA'A using the integral kernel p 

A' 



of p being a function on Q'i., square integrable with respect to the measure dpx' x dpx' ■ 



The kernel of the resulting operator trA'AP is a function on {u}x'x{Qk)) and reads 



(trA'A/5)(fc', b) := / p{a + b',a + b) dpx'xia), 

Jkcrpr^^/ 

where a € ker pr^^^; and b', b € ojx'x{Qk)- To obtain the kernel of the density operator 
^AA'P we have to pull back the kernel just obtained to Q'j^ by means of the injection 
LUx'x — recall that this injection defines via (3.29) the unitary map Uyx which on the 
other hand defines via (3.31) the isomorphism ux'x mapping trA'AP to ttxx'P- Thus the 
kernel of vtaa'P can be expressed as 



{'n-xx'p)ib',b) = {tT:x>xp)[(^X'x{b'),ujx'x{b)^ 

p[a + ujx'x{b'),a + ujxx'{b)j dpyx{a), (3.33) 



'kcrpr^^, 

where a £ ker pr^j^/ and b, b' G Qk- 
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Let A" > A' > A. Then using twice Equation (3.33) we obtain the fohowing formula 
describing the kernel of i^\\ny\'\»p'- 

(7rAA'7rA'A"P)(c',c) = 

p[a + ujx„xi{h + ujxix{c!)),a + u:xny{b + ujxix{c))) dflx"X'{a) dflx'x{b), 



kcr kcr 



where a G ker pr^/^//, b G kerpr^^/ and c',c £ Qk- By virtue of linearity of ti;A"A' and 
the property (3.20) we simplify the formula above obtaining: 

(7rAA'7rA'A"P)(c',c) = 

p(a + ujx"y{b)+ujx"\{c'),a + ujx"\'{b)+ujx"x{c)) dpyyia) djxx'\{b). 



kcr kcr 

Let us change in this integral the variable b to 

b ■■= ujy'X'ib) G a;A"A'(kerpr;^^,) C Qk"- 
Then 



(7rAA'7rA'A"P)(c',c) 



p(a + b + ujx"x{c),a + b + ujx"x{c)] dflx"X'{a) dpyx'xib), 



'^A"A'(kcrpr^j^/) kerpr^/j^// 



where 



dpyyx '■— ^X"\'*dpy\ 



(3.34) 
(3.35) 



is a measure on uyx'i^^^P^KK') '^ Qk"- 

Note now that domains of both integrals in the formula (3.34) are linear subspaces 
of Qk"- Applying the decomposition (3.19) first to Qk" and then to Q'^^ we obtain 



Qk" = ker pr^,^„ ujy'X' ( ker pr^^^, ujyx{QK) 

= kerpr^,;^,, WA"A'(ker pr^^^,) ®ujy/x{QK), 

where in the last step we used (3.20). Suppose now that a G kerpr^^^// C Qk"- Due to 
(3.7) 

a = a + b, (3.36) 
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where a G kerpr^/^» and pr^/^//(6) G kerpr^^/ or, equivalently, b £ a;A"A(kerpr;^^/). 
Therefore 

ker prj^/^// © ujx"\' (ker pr^;^;) = ker pij^j^ff. (3.37) 

On the other hand by virtue of (3.28) apphed to dfiyi and dfix' 

dfix" = dfly'X' X ujx"x'*idfix') = dfix"X' x ujx"x'*{dfix'x x ujx'x*idfJ-x)j = 

= djlyx' X ujx"X'*{dfix'x) X ujx"x*idfj,x) = dfix"X' x dfiy'X'x x ujx"x*idtJ-x), 
where we used (3.20) and (3.35). The decomposition (3.28) aUows us to conclude that 

dflx"x' X dflyx'x = dflx"X- (3.38) 

Using the results (3.36), (3.37) and (3.38) we rewrite the integral (3.34) obtaining 

(7rAA'7rA'A"/5)(c',c) = / p[a + ujx"xic),a + ujx"x{c)j d^x"x{a), 

kcvpvjfjf,, 

where a G ker pr^;^;/ and c', c G Qk- Comparing this with (3.33) we arrive at 

(7rAA'7rA'A"/9)(c,c) = {7rxx"P){c',c) 
which is obviously equivalent to (3.32). D 

3.4.5 Step 5 

Thus we have constructed the family {T>x,TTxx'}xeA and proved that the projections 
{ttxx'} satisfy the consistency condition (3.32). Thus {^A)''I"aa'}agA is a projective fam- 
ily. This fact allow us to define the space V of quantum states of the theory under 
consideration as the projective limit of the family 

V:=l^Vx. (3.39) 

3.5 Remarks on Assumptions 

After finishing the construction we can clearly see the role played by each of Assumptions 
described in Section 3.2. Thus Assumptions la and lb ensure that the set A is rich 
enough to include information encoded in all elementary d.o.f.. Moreover, Assumption la 
assures that each configurational elementary d.o.f. is a cylindrical function. Assumption 
2 enables to introduce a structure of a real linear space on reduced configuration spaces 
{Qk}- Assumptions 3a and 3b guarantee that each operator ip defines a constant vector 
field on Qk which is an important element of the construction of injections {ujyx}- 
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Note that Assumption 3a is naturally satisfied if operators {tp} are defined via Poisson 
bracket (2.6) without any regularization. On the other hand Assumption 3b makes it 
easy to formulate Assumption 4 and the latter assumption plays an important role in the 
construction of the injections {coyx}- Assumption 5 seems to be a natural consistency 
requirement imposed on the relation > motivated by the fact that if {F, K'), (F, K) G A 
and Qk' = Qk then (F, K') and [F, K) describe the same reduced system. Assumptions 
6a and 6b allow to interpret {F,K) as a subsystem of {F',K'). Moreover, Assumption 
6a guarantees linearity of projections {pi^KK'}- 

3.6 Construction of a directed set (A, >) — auxiliary facts 

Here we will present and prove some auxiliary facts which may be very useful while 
constructing a directed set (A, >) for a theory. 

Lemma 3.4. Let K,K' be sets of independent d.o.f. of N and N' elements respectively. 
Suppose that the image of the map K' given by (2.2) is M and each d.o.f. in K is a 
linear combination of d.o.f. in K' . Then the image of K is M^. 

Proof. Let K = {ni, . . . , kn} and K' = {k'^, . . . , k^/}. There exists a constant matrix 
B = (Bi^), {i = l,...,N; j = 1,..., N'), such that for every g G Q 



or, equivalently, 



Ki{q) = Bi^n'jiq) 
k{[q]) = BK'{[q]% 



where [q] G Qk and [q]' G Qk'- Since the image of K' is M^ the image of K is M^ where 
M < N is the rank of the matrix B. But we assumed that X is a set of independent 
d.o.f. which means that the image of K is an A^-dimensional submanifold of M^. Thus 
the rank M of i3 is maximal and M = N. D 

Proposition 3.5. Let K,K' be sets of independent d.o.f. of N and N' elements re- 
spectively such that Qk = Qk' ■ Suppose that there exists a set K of independent d.o.f. 
of N elements such that the image of K is M^ and each d.o.f. in K U K' is a linear 
combination of d.o.f. in K. Then K , K' are bisections, N = N' , K o K'^^ is a linear 
automorphism from M onto itself and each d.o.f. in K is a linear combination of d.o.f. 
inK'. 

Proof. We know from Lemma 3.4 that the images of K and K' are M and M respec- 
tively, i.e. the maps are bijections. There exist constant matrices B and B' such that 
(see the proof of Lemma 3.4) 

k{[q]) = BKM), , k'{[q]') = B'KM), (3.40) 
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where [q] G Qk, [q]' € Qk' and [q] G Qj^. We assumed that Qk = Qk', that is, [g] = [q'] 
for every q G Q. Since K' is bijection the second equation in (3.40) can be expressed in 
the following form: 

[q] = [q]' = k'-'[B'K{]q\)). 
Setting this to the first equation in (3.40) we obtain 



(^KoK'-'o{B'R)){[q]) = BK{[q]). 



Taking into account that X is a bijection we rewrite the equation above as follows 

{K o k'-^) o B' = B 

— here we treat B, B' as linear surjections from M^ onto, respectively, M^ and R^ ; 
the maps are surjections because, as we know from the proof of Lemma 3.4, the rank of 
both matrices is maximal. 

The above equation and the properties of B and B' imply that K o K'^^ is a linear 
map from M^ onto M^. Since it is a composition of two bijections it is also a bijection. 
Thus N = N' and K o K'~^ is a linear automorphism on R . 

Moreover, the following identity 

ki[q]) = iKok'-')K'-'i[q]') 
which holds for every q £ Q can be rewritten as (see (2.2)) 

: \={kok")\ : 

which means that each d.o.f. Kj in X is a linear combination of d.o.f. {n'^, . . . , k^} = 
K'. D 

Proposition 3.6. Suppose that there exists a subset K' o/K such that for every finite 
set Kq of configurational elementary d.o.f. there exists K'q G K' satisfying the following 
conditions: 

1. the map K'q is a bijection; 

2. each d.o.f. in Kq is a linear combination of d.o.f. in K'q. 
Then 
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1. for every set X G K the map K is a bijection. Consequently, Qk — ^ with N 
being the number of elements of K and the map K defines a linear structure on 
Qk being the pull-back of the linear structure on R ; if Qk = Qk' for some other 
set i^' € K then the linear structures defined on the space by K and K' coincide. 

2. if a cylindrical function ^ compatible with a set i^ € K can be expressed as 

where if ' G K and ip' is a complex function on Qk' then ip' is smooth and conse- 
quently ^ is compatible with K' ; 

3. for every element \E' € Cyl there exists a set K G K' such that ^ is compatible 
with K . 

Note that the first assertion of the proposition means that on every reduced configuration 
space there exists a natural differential structure which guarantees that the space Cyl 
is well defined. 

Proof. 

Assertion 1 Assume that Kq is a set of independent d.o.f. also. Then we can apply 
Lemma 3.4 to Kq and K'^ and conclude that the image of Kq is M ", where Nq is the 
number of elements of Kq. Thus Kq is a bijection which can be used to pull back the 
linear structure on M o onto Qkq ■ The conclusion is that on every reduced configuration 
space there exists a linear structure. 

Suppose now that for distinct sets of independent d.o.f. K and K' the spaces Qk 
and Qk' coincide, Qk = Qk'- The assumptions of the proposition under consideration 
guarantee that there exists a set K of independent d.o.f. such that Proposition 3.5 can 
be applied to the sets K, K' and K. By virtue of that proposition K o K'~^ is a linear 
automorphism from M^ onto itself (where N is the number of elements of K and of 
elements of K') the linear structure on Qk = Qk' defined by K coincides with one 
defined by K'. 

Thus on every reduced configuration space there exists a natural linear structure. 

Assertion 2 Let K he a set of independent d.o.f. such that each d.o.f. m K L) K' is 
a linear combination of d.o.f. in K. We know already that the maps K, K' and K are 
bijections. Thus by virtue of Lemma 3.1 there exist linear projections 

V^KK '■ Qk -^ Qk, Wk'k ■ Qk ^ Qk' 
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such that 

Assume that the function ip' is not smooth. Then pr*,f^'ip' (being a complex function 
on Qx) is not smooth either. But pr* ^^ is smooth and 

Thus we see that the assumption that ip' is not smooth leads to a contradiction. 
Since ip' is smooth ^ is a cylindrical function compatible with K' . 

Assertion 3 Consider an arbitrary function ^ G Cyl. It is a finite sum of cylindrical 
functions: 

n n 

^ = E^" = Ep^^>- (3.41) 

a=l a=l 

where ^a is a cylindrical function compatible with a set Ka of independent d.o.f, and 
■0a is a complex function on Qxa- Let ^ € K' be such that each d.o.f. in IJa=i ^a is a 
linear combination of d.o.f. in K. Using Lemma 3.1 we can write 



* = p4(Ep4i^.^«)' 



a=l 



which means that ^ is compatible with K. 

a 

Let ^ be a subset of Cyl. Then operators in J-" restricted to ^ can be regarded as 
maps from ^ into Cyl. Recall that both Cyl and J^ are linear spaces. Therefore the 
restricted operators can be regarded as maps valued in a linear space and the space 
of all the restricted operators is a linear space. Consequently, the notion of linear 
independence of the restricted operators is well defined — below this notion will be often 
called a linear independence of the operators on ^. 

Lemma 3.7. Let Cjlp^ be a set of all cylindrical functions compatible with a set K 
of independent d.o.f.. Assume that operators {c^i, . . . , (^m} C J- act on elements of 
Cyl^ according to the formula in Assumption 3a. If {(^i, . . . , (^m} C J- are linearly 
independent on a subset ^ of Cy\j^ then they are linearly independent on K. 

Proof. Suppose that the operators {(^i, . . . , (^m} are linearly dependent on the set K = 
{ki, . . . , kn}- This means that there exists real numbers ai, . . . , qm such that a\ + . . .+ 
a\^ / and for every Kj G /C 

y^aj(pjKi = 0. (3.42) 
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Let ^ = pr'j^ip be an arbitrary element of ^. Since the operators act on cylindrical 
functions in Cyl^ according to the formula in Assumption 3a 

Yl "j'^J'^ = Yj yP^K^x^lp) ( Yl ^J'^J'^i) = 0' (3-43) 

J i J 

where in the last step we used (3.42). 

Because ^ is arbitrary we conclude that the operators under consideration are lin- 
early dependent on ^. Thus if the operators are linearly independent on ^ the they 
are linearly independent on i^. D 

Proposition 3.8. Let A be a subset o/F x K which satisfies Assumptions la and 3a. 
Then for every finite set {(fi, ■ ■ ■ , i^m} C J-" of linearly independent operators there exists 
a set {F, K) € A such that the operators restricted to K remain linearly independent. 

Proof. The proof consists of three steps. 

Step 1 Suppose that {(^i, . . . , (^m} C F are linearly dependent when restricted to /C. 
This means that there exists real numbers ai, . . . , om such that a\ + . . . + aj^j ^ and 
for every k € /C 

Yamf^ = 0. (3.44) 

j 

Let ^ be an arbitrary element of Cyl. Then it can be expressed by means of the 
formula (3.41). It follows from Assumption la that there exists (F,K) € A such that 
each d.o.f. in (Ja=i ^a {{Ka} are reduced configuration spaces appearing in (3.41)) is a 
cylindrical function compatible with K. Consequently, ^ is compatible with K and by 
virtue of Assumption 3a and (3.44) the formula (3.43) holds. Since ^ is an arbitrary 
element of Cyl this result means that the operators {c^i, . . . , 0m} are linearly dependent 
on Cyl. 

We conclude that if {0i, . . . , (Pm} are linearly dependent on /C then they are linearly 
dependent on Cyl, that is, just linearly dependent. Consequently, if the operators are 
linearly independent then they are linearly independent when restricted to /C. 

Step 2 Assume that {0i, . . . ,(Pm} are linearly independent. Given k G /C, let us 
consider the following equation 

YamK = 
j 

imposed on unknown numbers (ai,...,aM) £ M^. The set of all solutions of this 
equation is a linear subspace of M which will be denoted by P^- 
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The linear independence oi {(pi, . . . , (Pm} and the result of Step 1 mean that 

f^ P« = € R^. (3.45) 



KdK 



Let us fix an elementary d.o.f. Ri € /C. If P^^ = then the operators {c^i, . . . , pm} 
restricted to {hi} are linearly independent and we can proceed to Step 3. If P^j ^ 
then suppose that for every k € /C \ {Ri} 



■ K -^ Kl • 



But this cannot be true because of (3.45). Hence there exists K2 ^ K, such that P^j 7^ Pri 
and consequently 



Pki n P;=2 

is a linear subspace of M of the dimension lower than dim P^j . 

If Pkj n Pk2 = then the operators {c^i, . . . , (^m} restricted to {ki, K2} are linearly 
independent and we can proceed to Step 3. If P^i H P^a 7^ then suppose that for every 

K e IC\ {Rl,K2} 

P« = P;=, nP;=2- 

But again this cannot be true because of (3.45). Hence there exists K3 € /C such that 
Pk3 / Pk^ n Pk2 and consequently 

P;=, n P;=2 n Pk3 

is a linear subspace of M^ of the dimension lower than dim(PKi fl Prj)- 

It is clear now that after a finite number of such steps we obtain a set {Ri, . . . , Kj^^}, 
(M < M) such that 

P«, n...nP;=^^ = OGM^ 

which means that the operators {(pi, ... ,0m} restricted to {Ri, . . . ,Rm} are linearly 
independent. 

Step 3 By virtue of Assumption la there exists {F, K) € A such that each d.o.f. in 
{ki, . . . , Rm} is a cylindrical function compatible with K. The result of Step 2 together 
with Lemma 3.7 mean that the operators {(pi,...,(pM} are linearly independent on 
K. U 
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4 By-product: a Hilbert space of almost periodic functions 



It turns out that in the case of each theory for which it is possible to construct the 
space "D of quantum states as described above it is also possible to construct a Hilbert 
space using only the configurational elementary d.o.f.. The construction we are going 
to present below applies almost periodic functions which recently were used to build a 
Hilbert space for Loop Quantum Cosmology — see [12, 13] and references therein. 

Consider a collection /C = {k} of configurational elementary d.o.f. and suppose that 
there exists a directed set (K, >) such that 

1. each element K of M. consists of a finite number of independent d.o.f. belonging 
to/C; 

2. for each i^ € K the image of the map K is M , where A^ is the number of elements 
of i^; 

3. if K' > K then each elementary d.o.f in iT is a linear combination of d.o.f. in K'; 

4. if Qk, = Qk then K' > K; 

5. for every finite set Kq of configurational elementary d.o.f. there exists K gM. such 
that each k € Kq is a cylindrical function compatible with K. 

It turns out that every directed set (A, >) satisfying Assumptions listed in Sec- 
tion 3.2 provides us with a directed set (K, >) satisfying the requirements listed above: 
the set K is a subset of K such that for every K (^ M. there exists F £ F such that 
{F, K) £ A. Given K', K eK,we say that K' > K if there exists F',F eF such that 
{P, K'), {F, K)eA and (F', K') > {F, K). 

Let Q*j^ be the dual vector space to Qk- Given h € Q*^, we define a function 

Qk ^ a^ eb{a) := exp(i6(a)) G C. (4.1) 

Each finite linear combination 

i 

with ttj € C is an almost periodic function on Qk- On the space of all almost periodic 
functions on Qk we define a scalar product requiring that 

^^^l^^^^^fl ifh = b' 
1 otherwise 
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The space of the almost periodic functions may be completed with respect to the norm 
defined by the scalar product — the result is a (non-separable) Hilbert space which will 
be denoted by T-Lk- 

Consider now K' > K and a function (4.1) on Qk- Then by virtue of Lemma 3.1 
there exists a linear projection prj^^, : Qk' -^ Qk and the pull-back 

V'^KK' fife = ^^opr/fK' 

is a function on Qx' of the sort (4.1) — note that because of the linearity of pi^xK' ^^^ 
composition bopij^j^, is an element of Q'^^i- This means that the pull-back pr|^^/ maps 
the orthonormal basis {eb}b<=Q* of Hk onto an orthonormal system of vectors in Hk'- 
Therefore the map Uk'k '■ T~iK -^ T~iK' defined as the continuous extention of pr^^, to 
the whole I-Lk is invertible and preserves the scalar products. 
It follows from (3.7) that for each triplet K" > K' > K 

Uk"k = Uk"k' ° Uk'k- 

Thus {I-Lk, UK'K}KeK is an inductive family of Hilbert spaces and its inductive limit 

v. := lira 7^ X 

is naturally a Hilbert space. 

5 An example — the degenerate Plebahski gravity 

As an example we will build a space of quantum states for a theory introduced in [4] 
which (because of some reasons described below) will be called degenerate Plehanski 
gravity. The Hamiltonian configuration space Q of this theory is an affine space which, 
in a sense, is an "almost linear" space and therefore this example may cause a feeling of 
insufficiency since the general construction presented in this paper was invented to deal 
with non-linear Hamiltonian configuration spaces. There are, however, good reasons 
to present this example. Note that the starting point of the general construction is 
a presupposition that there exists a directed set (A, >) satisfying Assumptions listed 
in Section 3.2. Despite the simplicity of the space Q the example shows in which 
way such a directed set can be constructed; in particular, it proves usefulness of the 
auxiliary facts presented in Section 3.6. More importantly, methods used to construct 
the directed set (A, >) for the degenerate Plebahski gravity will be applied (after some 
modifications) to build such a set for TEGR [5, 6, 7] being a theory of genuinely non- 
linear Hamiltonian configuration space. Thus the construction described below can be 
treated as a preparatory exercise for the construction of quantum states for TEGR 
presentation of which is rather too long to be included in this paper. 
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5.1 Outline of the theory 

The degenerate Plebahski gravity is a theory of three fields defined on a four-dimensional 
manifold A4: 

1. a two- form cr; 

2. a one-form A which represents a connection on a trivial principal bundle A4 xM, 
where the set (M, -|-) of real numbers with the addition is treated as a Lie group, 
that is, as the structure group of the bundle; 

3. a zero- form (a function) 0. 

The dynamics of the theory is given by the following action 

S[a,A,@]:= aAdA--@aA(T, (5.1) 

Jm 2 

where the exterior derivative dA is the curvature of the connection A. 

As described in [4] this action is a simplification of the Plebahski self-dual action 
[14] and the theory coincides with so called 1 + 1 degenerate sector of general relativity 
considered in [15]. This fact justifies the name of the theory under consideration. 

Assuming that A4 = M x S, where S is a compact three-dimensional manifold without 
boundary and treating M as a "time axis" and S as a "space" we obtain the following 
Hamiltonian formulation of the theory: the space P of momenta consists of all two- 
forms on S while the Hamiltonian configuration space Q coincides with the space of all 
connections on the trivial principal bundle S x M. The Hamiltonian reads as follows [4]: 



H[a, A,a,N] = - / ada + a A (iVj dA), 



where a is a two-form playing the role of the momentum conjugate to the connection 
one- form A, dA is the curvature of ^, a is a function on S and A^ a vector field on the 
manifold. The latter two variables are Lagrange multipliers. 

Now let us proceed to the construction of a space of quantum states for the degenerate 
Plebahski gravity. 

5.2 The construction 

Let us emphasize that a construction of quantum states for the theory under consid- 
erations amounts to a construction of a directed set (A, >) satisfying all Assumptions 
listed in Section 3.2 since, as already shown, each such a set unambiguously defines a 
space of quantum states. 
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5.2.1 Submanifolds of S 

We start the construction by choosing elementary d.o.f.. Our choice of d.o.f. is motivated 
by LQG methods (see e.g. [8, 9, 10, 11] and references therein), where some essential 
functions on the phase space are associated with submanifolds of a space-like slice of a 
space-time. Thus each elementary d.o.f. will be associated with a submanifold of S. 

Assume that the manifold S is real analytic and oriented. 

An analytic edge is a one-dimensional connected analytic embedded submanifold of 
S with two-point boundary. An oriented one-dimensional connected C^ submanifold of 
E given by a finite union of analytic edges will be called an edge. The set of all edges in 
S will be denoted by £. 

Given an edge e of two-point boundary, its orientation allows to call one of its 
endpoints a source and the other a target of the edge; if an edge is a loop then we 
distinguish one of its points and treat it simultaneously as the source and the target of 
the edge. 

An edge e~^ is called an inverse of an edge e if e^^ and e coincide as un-oriented 
submanifolds of S and differ by orientations. We say that an edge e is a composition 
of the edges ei and 62, e = 62 o ei, if (i) e as an oriented manifold is a union of ei and 
62, (ii) the target of ei coincides with the source of 62 and (Hi) e\ ne2 consists solely of 
some (or all) endpoints of e\ and e^. 

We say that two edges are independent if the set of their common points is either 
empty or consists solely of some (or all) endpoints of the edges. A graph in S is a finite 
set of pairwise independent edges. Any finite set of edges can be described in terms of 
edges of a graph [1] : 

Lemma 5.1. For every finite set E = {ei, . . . , cat} of edges there exists a graph 7 in 
S such that every Ci £ E is a composition of some edges of 7 and the inverses of some 
edges of the graph. The graph 7 can be chosen in such a way that 



N M 



i=l j = l 



where the edges {e[, . . . , e'^} constitute the graph 7. 

The set of all graphs in S is naturally a directed set: 7' > 7 if each edge of the graph 
7 is a composition of some edges of the graph 7' and the inverses of some edges of 7'. 

Let 5 be a two-dimensional embedded submanifold of S. Assume that S is (i) 
analytic, (ii) oriented and (Hi) of a compact closure. We moreover require S to be such 
that every edge e can be adapted to S in the following sense [16]: every edge e can be 
divided into a finite number of edges {ei, . . . , cat}, i.e. 

e = Cat o eAf_i o . . . o 62 o ei, 
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each of them either 

1. is contained in the closure S; 

2. has no common points with S; 

3. has exactly one common point with S being one of its two distinct endpoints. 
We will call such a submanifold a face. A set of all faces in S will be denoted by S. 

5.2.2 Elementary degrees of freedom 

Every edge e € £" defines naturally a function 

Q3 A^ Ke{A) := A€R. (5.2) 

Je 

We choose the set /C of configurational elementary d.o.f. to be a collection of functions 
(5.2) given by all edges in S: 

}C := { Ke \ e ^ £ }. 

Functions in /C separate points in Q. 

Note that for every edge e £ £ and every pair ei, 62 £ £ such that the composition 
62 o ei is well defined 

Kg— 1 ^ Kg, 'i'e2oei ^ f^e2 ~r ^ei- V"''^/ 

Every face S a S defines naturally a function 

P3a^ ips{a) := / cr G M. (5.4) 

Js 

We choose the set J-" of momentum elementary d.o.f to be a collection of functions (5.4) 
given by all faces in S: 

T:={^s\SeS}. 

Functions in J^ separate points in P. 

5.2.3 Finite sets of configurational elementary d.o.f. 

Every graph 7 defines a set K^ of configurational elementary d.o.f. — if {ei, . . . , cat} are 
edges constituting the graph then 
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Lemma 5.2. Let 7 = {ei, . . . ,eN} be a graph in S. Then for every {xi, . . . , xn) G '^^ 
there exists A (^ Q such that 

^ei\A) = Xi- 



The lemma being a simple modification of a lemma proven in [1] means that for every 
graph 7 the image of Kj given by (2.2) is M^, where N is the number of edges of 7. In 
other words, 

Qk-, = M^. (5.5) 

Consequently, each K^ consists of independent d.o.f. and Qk-,/ is a reduced configuration 
space. Note that each one-element subset K = {n^} of IC is of the form K^ with 7 = {e}. 

Lemma 5.3. Let K be a finite set of configurational elementary d.o.f. Then there 
exists a graph 7 such that each d.o.f. in K is a linear combination of d.o.f. in K^. 

Proof. The lemma follows immediately from Lemma 5.1 and Equations (5.3). D 

Now we are going to state and prove a lemma which will be relevant not only for the 
construction of quantum states for the degenerate Plebahski gravity but also for TEGR 
[7]. Therefore the lemma will be formulated in a quite general manner. 

Lemma 5.4. Let Q be a set of one-forms on S such that for every graph 70 = {ei, . . . , 
ewo} and for each (xi, . . . , XAfy) € M "^ there exists w (zQ. such that 

Keiiw) = Xi. 

Then Y > ^ if and only if each d.o.f. in K^ restricted to Q. is a linear combination of 
d.o.f. in Ky restricted to fi. 

Before we will prove the lemma let us emphasize that the configurational elementary 
d.o.f. are defined on Q which can be naturally identified with the set of all one-forms 
on S. Therefore the d.o.f. are well defined on the set 0, introduced in the lemma. 

Proof of Lemma 5.4- Since now till the end of the proof we will use exclusively the 
configurational d.o.f. restricted to 17 without mentioning this and without any change 
of the notation. 

Suppose that 7' > 7. It is enough to apply Equations (5.3) to the definition of the 
relation > to conclude that each d.o.f. in K^ is a linear combination of K^'. 

Assume now that each d.o.f. in K-y is a linear combination of Ky, 



B^^ie', (5.6) 



J 



where 7 = {ei, . . . , ejv}, 7' = {e'l, . . . , e'^,} and {Bi^} are real numbers. 

Let us fix an edge e, G 7. Now we will prove the following two statements (note that 
both ignore orientations of edges) : 
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1. Cj is contained in the union of all edges of 7'; 

2. every edge e'- of 7' either is contained in Cj or the set of their common points is 
finite. 

To prove Statement 1 assume that Cj is a composition of some edges ei, 62 and 63: 

Cj = 63 O 62 o ei 

such that 

62 n {e[ U . . . U e'j^,) = 0. 

Lemma 5.1 ensures us that there exists a graph 7" such that each (i) edge in {ei, e3}U7' 
is a combination of edges in 7" and their inverses and (ii) {62} U 7" is a graph. There 
exists tz7 G il such that Ke2(ro) = 1 and Ke"{w) = for every edge e" of 7". This implies 
that Kei{vj) = 1 and Kg/ (ro) = for every edge e'- of 7'. But this is in contradiction 
with (5.6), hence 

ei C (e;U...Ue'^,). 

To prove Statement 2 let us fix e' G 7' and assume that it is a composition of some 
edges ei , 62 and 63 

Cj = 63 O 62 o ei 

such that 

62 n Cj = 0. 

Let 7" be a graph such that {i) each edge in {6i, ei, 63} U (7' \ {e'}) is a combination of 
edges in 7" and their inverses and [ii) {62} U 7" is a graph. There exists tz7 G $7 such 
that Kgjl^) — 1 ^^"i Ke"(^^) = for every edge e" of 7". This means that Kaiw) = 0, 
Kg/ (cij) = 1 and Kf,'{w) = for every 6^ G 7' \ {e'}. Setting this w to (5.6) we obtain 

= 5,-''. (5.7) 

Suppose now that the same e'j is a composition of some edges 61,62 and 63 such 
that 62 C Cj. Then ei is a composition of 62 and some other edges. Let £' be a set 
consisting of ei, 63, the edges of 7' except e'- and the edges composing Ci except 62. 
Let 7" be a graph such that {ii) each edge in £■ is a combination of edges in 7" and 
their inverses and (ii) {€2} U 7" is a graph. There exists w G 0, such that Ke2(^) = 1 
and K(,"{vj) = for every edge e" of 7". Consequently, k^i (zu) = 1, Ke-(ro) = 1 (if the 
orientation of 62 coincides with that of 6j) or Ke^^tu) = —1 (otherwise) and k^'{w) = 
for every ej G 7' \ {e'}. Setting this w to (5.6) we obtain 

±l = B^. (5.8) 
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Suppose finally that the same e' is a composition of edges such that one of them is 
contained in Cj and an other one has no common points with Cj. But this cannot be true 
since then Equations (5.7) and (5.8) would have to hold simultaneously. This means 
that either e'- is contained in Cj or e, n e'- does not contain any edge — in the latter case 
Cj n e'- consists of finite number of points because both e^ and e'- are unions of analytic 
edges [1]. 

Thus we justified both Statements. They mean that Cj as an un-oriented submanifold 
of S is a union of some edges of 7' regarded as un-oriented submanifolds. Taking into 
account the orientations of the edges under consideration we see that Cj is a composition 
of some edges of 7' and the inverses of some edges of the graph. Hence 7' > 7. D 

Corollary 5.5. 7' > 7 i/ and only if each d.o.f. in K^ is a linear combination of d.o.f. 

in Ky . 

Proof. The configurational d.o.f. are defined on Q. This fact and Lemma 5.2 allow to 
set Q = Q in Lemma 5.4. D 

An important observation is that by virtue of Lemmas 5.2 and 5.3 a subset of K 
consisting of all sets K^, where 7 runs through all graphs in S, meets the condition 
imposed on the set K' by Proposition 3.6. Thus Assertions 1 of the proposition holds 
for all reduced configuration spaces which means in particular that the space Cyl given 
by the configurational elementary d.o.f. (5.2) is well defined and Assertion 2 holds for 
cylindrical functions compatible with elements of K. Moreover, according to Assertion 3 
for every ^ € Cyl there exists a graph 7 such that ^ is a cylindrical function compatible 
with Ky. 

5.2.4 Operators corresponding to momentum d.o.f. 

As shown in [8] each elementary d.o.f. (ps £ J^ defines via a suitably regularized Poisson 
bracket a linear operator c^^ acting on cylindrical functions. We concluded a while ago 
that every ^ G Cyl is of the form ^ = pr|^ tp for a graph 7 = {ei, . . . , e^v} and a smooth 
complex function tp on Qkj- The operators <ps acts on ^ as follows: 

N 

^5^:= J^e(5,e,)pr|,^9,^^, (5.9) 

where (i) {dx^} are vector fields on Qx-^ given by a coordinate frame (xj) defined by the 
d.o.f. in K^ according to (2.3) and (m) €{S, Ci) is a real number associated with the edge 
Cj according to the following prescription. 

Adapting the edge Cj to S we obtain a set of edges {en, . . . ,ein} and define a function 
e on this set: e(eja) = if eia is contained in S or has no common points with S; otherwise 
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1- e(eja) := 5 if Cja is either 'outgoing' from S and placed 'below' the face or is 
'incoming' to S and placed 'above' the face; 

2. e{eia) := — | if Cia is either 'outgoing' from S and placed 'above' the face or is 
'incoming' to S and placed 'below' the face. 

Here the terms 'outgoing' and 'ingoing' refer to the orientation of the edges (which is 
inherited from the orientation of e^) while the terms 'below' and 'above' refer to the 
orientation of the normal bundle of S defined naturally by the orientations of S and S. 
Then we define 

n 

e{S,ei) := y^ejeja). 

Note finally that for every S* G 5 and every e ^ 8 

(psKe = e{S,e) (5.10) 

which means that (psi-^e is a real constant cylindrical function. 

Operators { (p \ (p ^ J- } span the real linear space J-. Any element (p ^ JF can be 
expressed as 

i 

where {aj} are real numbers and the sum is finite. Suppose that ^ = pr^ ■0 is a 
cylindrical function compatible with K^. By virtue of Equations (5.9) and (5.10) the 
action of the operator c^ on ^ reads as follows: 

(^^ = ^ aie{Si, Cj) prJf^S^^ V = ^ \WK^dx,i^) >pnei- (5.11) 

ij i 

5.2.5 A directed set A 

Now we are going to choose a directed set (A, >). Let F be an element of F and 
K = {ki,...,kjv} an element of K. A pair {F,K) is said to be non- degenerate if 
dimF = N and an (N x A^)-matrix G = {Gji) of components 

Gji := (pjKi, (5-12) 

where (c^i, . . . , (pn) is a basis of F, is non-degenerate. 

Definition 5.6. The set A is a set of all non- degenerate pairs (F, K^) € F x K, where 
7 runs through all graphs in S. 

Lemma 5.7. For every graph 7 in S there exists F € F such that {F, K^) € A. 
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Proof. The independence of edges {ei, . . . , e^v} of the graph 7 imply that there exists 
a set {Si, . . . , Sn} of faces such that Cj D Sj is empty if i 7^ j and consists of exactly 
one point distinct from the endpoints of Cj if i = j. The orientations of the faces can be 
chosen in such a way that 

Gji = ^Sji^Ci = ^ji- 

Now it is enough to define F := span {(fSi 1 ■ ■ ■ 1 ^Sn}- '-' 

Now we are at the point to define a relation > on A: 
Definition 5.8. Let {F',Ky),{F,K^) £ A. We say that {F',K^>) > {F,Ky) if 

F' D F and 7' > 7. 

Lemma 5.9. (A, >) is a directed set. 

Proof. The transitivity of the relation > is obvious. Thus it has to be proven only that 
for any two elements A', A € A there exists A" € A such that A" > A' and A" > A. 

To prove this we are going to use Proposition 3.8. Therefore we have to show first 
that the set A satisfy Assumptions la and 3a. The set meets Assumption la due to 
Lemmas 5.3 and 5.7. On the other hand the formula (5.11) imply immediately that 
Assumption 3a is satisfied. 

Let us fix A' = (F' , Ky) and A = (F, K-y) £ A. We define F^ as a linear subspace of 
J- spanned by elements of F' and F and choose a basis ((^1, . . . , (Pm) of F^. Proposition 
3.8 and the definition of A guarantee that there exists a graph 7*^ such that the operators 
{01, . . . ,(Pm) remain linearly independent when restricted to K^o. Let 7" be a graph 
such that the number of its edges is greater than AimF^ = M and 7" > 7", 7', 7. By 
virtue of Corollary 5.5 d.o.f. in K^o are cylindrical functions compatible with K^n and, 
according to Lemma 3.7, the operators {(pi, . . . , (pu) are linearly independent on i^^". 

Consider now a matrix G" of components 

where {ei,...,ejv} constitute the graph 7". Clearly, the matrix has M rows and N 
columns and because the operators {pi, . . . ,0^) are linearly independent on Kyi its 
rank is equal M < N. Using the following operations {i) multiplying a row by a non- 
zero number, {ii) adding to a row a linear combination of other rows {Hi) reordering 
the rows and {iv) reordering the columns we can transform the matrix G^ to a matrix 
G^ of the following form 

G^ = (1 G') , 
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where 1 is M x M unit matrix and G' is a M x (N — M) matrix. Note that the 
first three operations used to transform G^ to G^ correspond to a transformation of 
the basis ((^i, . . . , ipu) to an other basis ((^'^, . . . , (p'j^) of F^, while the fourth operation 
corresponds to renumbering the edges of 7": e, 1— )■ e^ := eo-(i), where a is a permutation 
of the sequence (1, . . . , A^). Thus 

Let {(f^, . . . ,(p^j^} be operators constructed with respect to Kyr exactly as in the 
proof of Lemma 5.7. Then 

^jKe'_ = Oji. 

Thus if 

V>i, ■■■, 0n) '■= {0ii---, 0'mi ^m+1^ ---j^n 

then an A^ X A^ matrix G = (Gji) of components 

Gji := V^'jf^e'^ 
is of the following form 

where is a zero (N — M) x M matrix, and 1' is a unit {N — M) x {N — M) matrix. 
It means in particular that the operators (c^'/, . . . , c^^) are linearly independent. 
To finish the proof we define 

F :=span|v?i,...,v?jv} 
and A":= (F",Ky/). D 

5.2.6 Checking Assumptions 

Now let us check whether the directed set (A, >) satisfies all Assumptions listed in 
Section 3.2. 

Proving Lemma 5.9 we showed that A satisfies Assumption la. Regarding Assump- 
tion lb let Fq = {ipsi, ■ ■ ■ , ^Sn}- -^o^ each face Si there exists an edge e^ such that 

V>S,Ke, = 1. 

Let Fi := spanjc^^-} and 7^ := {cj}. Thus (Fj, K^.) € A for every i = 1, . . . , N. Since 
A is a directed set there exists {F,K^) € A such that {F,K^) > {Fi,K^.) for every 
i = 1, . . . ,N. Taking into account Definition 5.8 of the relation > on A we see that F 
contains all the operators {^Sn • • • > ^Sn}- Thus Assumption lb is satisfied. 
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Assumption 2 is satisfied by virtue of Lemma 5.2. Proving Lemma 5.9 we showed 
that A satisfies Assumption 3a. Assumption 3b follows immediately from Equation 
(5.10). Assumption 4 is satisfied by virtue of Definition 5.6 of A. 

Regarding Assumption 5 we note first that, given K^^ Ky, there exists Ky/ such that 
each d.o.f. in K^UKy is a linear combination of d.o.f. in Kyi (see Lemma 5.3). Suppose 
that Qk^ = Qk /• Then Equation (5.5) applied to Ky/ allows us to use Proposition 3.5 
and conclude that every d.o.f. in K^ is a linear combination of d.o.f. in Ky. Then, as 
stated by Corollary 5.5, 7' > 7 and Assumption 5 follows. 

By virtue of Definition 5.8 of the relation > on A Ky > K^ if only 7' > 7 and 
Assumption 6a follows from Corollary 5.5. Assumption 6b is satisfied due to the same 
definition. 

We conclude that the directed set (A, >) constructed for the degenerate Plebahski 
gravity satisfied all Assumptions which means that for this theory there exists the cor- 
responding space V of quantum states. 

6 Discussion 

6.1 The space V and quantization 

Given theory, a space V of quantum states constructed for it according to the prescrip- 
tion presented in this paper is usually too large to serve as a base of a quantum model of 
the theory. However, it is possible to construct a Hilbert space from the space T> which 
may serve this purpose. The construction reads as follows [2]. 

Recall that, given element A of A, we denoted by B\ the C*-algebra of bounded 
linear operators on the Hilbert space T-Lx. The space V\ of all density operators on T-Lx 
can be treated as a space of all regular algebraic states on the algebra B\ i.e. linear 
C-valued positive normed functionals which acts on elements of B\ via a trace: for every 
p G T)\ the following map 

Bx3 a^ tr(ap) G C 

is a regular state. For every pair A' > A of elements of A there exists a unique injective 
*-homomorphism vr^,^ : B\ —^ By such that for every a ^ B\ and every p' G T>\i 

ti'«'A(a)P ) = tr(a7rAA'(p'))> 

where tt\\i : T)\i — t- T)\ is the projection given by Definition 3.2. It follows from Propo- 
sition 3.32 that for every triplet A" > A' > A 

^A"A = ^A"A' ° ^A'A> 

which means that {B, tTa'a) ^^ ^'^ inductive family of C*-algebras. Its inductive limit 

B:=\i^Bx 
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is naturally a C*-algebra which can be interpreted as an algebra of quantum observables 
of the theory and each element p of the space T> defines a state on B. 

Let us emphasize that the construction of both V and B is purely kinematic i.e. it 
uses merely properties of the phase space P x Q of a theory without any reference to 
its dynamics and possible constraints on the phase space. According to [2] once both T> 
and B are constructed one should refer to the dynamics (and constraints if necessary) to 
single out an element of T> and use it as a state on B to build via the GNS construction 
a Hilbert space for a quantum model of the theory. It is not clear, in general, which 
criterion should be used to single out such an element of T> but an interesting non-trivial 
example of such a criterion can be found in [2] . 

6.2 The present construction versus the original one 

As already stated the present construction is a generalization of one introduced in [2]. 
Here we are going to compare both constructions. 

It is evident that both here and in [2] linearity of spaces and maps applied in the 
constructions plays a crucial role. The main difference between the constructions is the 
source of the linearity. 

In [2] it is assumedihsX the Hamiltonian configuration space Q is a linear space. Since 
the momentum space P is naturally linear the whole phase space P x Q is equipped 
with a linear structure. Both momentum and configurational d.o.f. are linear functions 
on P and Q respectively and with every relation A' > A there are associated appropriate 
linear maps between spaces constituting the elements A' and A. 

The present construction does not require the space Q to be linear but needs instead 
Assumptions 2 and 6a to be imposed on configurational d.o.f. in order to define linear 
structures on reduced configurations spaces {Qk} and to ensure linearity of projections 
{Wkk'}- Let us emphasize that imposing these two assumptions does not amount to 
linearizing the space Q, but rather to embedding it into a larger linear space. To see 
what this larger linear space is recall that it was shown in Section 4 that from every 
directed set (A, >) satisfying Assumptions listed in Section 3.2 one can derive a directed 
set (K, >). It is easy to realize that {Qk-iV^kk'^k&l is a projective family. By virtue 
of Assumptions 2 and 6a the projective limit 

Q := Y^th Qk 

of the projective family is equipped with a linear structure and it is the larger linear 
space. There is a natural map from Q into Q 

Q 3 q^ { [q]K)Ke¥^ G Q, 
where [q]^ denotes the equivalence class of q with respect to the relation ^^k- Since 
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configurational elementary d.o.f. separate points in Q and Assumption la holds the map 
is injective and it is the embedding of Q into the larger linear space Q. 

Regarding momentum elementary d.o.f. of the present construction, since they are 
supposed to define via a Poisson bracket (or its regularization) an operator on the 
space of cylindrical functions they should be linear functions on P [8]. Of course, 
configurational elementary d.o.f. cannot be said to be linear or not because Q is not 
a linear space, but they cannot be arbitrary functions on Q because of the linearity 
of momentum d.o.f and Assumption 3b — assuming that q & Q is a tensor field on a 
manifold and configurational d.o.f. k is defined as an integral of a function constructed 
from components of q then to satisfy Assumption 3b the function should be a polynomial 
of the components of degree 1. 

Another difference between the two construction concerns elementary d.o.f.: in [2] 
the canonical variables are fields on a three-dimensional manifold and the d.o.f. are 
"regular" functionals of the fields i.e. defined via three-dimensional integrals, while 
in the present paper we do not assume any "regularity" of d.o.f.. In particular, we 
admit "distributional" functionals as ones used in the case of the degenerate Plebahski 
gravity where fields defined on a three-dimensional manifold were integrated along one- 
dimensional edges and over two-dimensional faces. However, Poisson brackets of such 
"non-regular" functionals are not always well defined and this is why we followed [8] in 
applying operators {tp} defined via a regularization of a bracket. 

Let us note finally that in [2] the projections {ttw} are defined without introducing 
injections {ujyx} and therefore at the first sight it is not clear whether the prescription 
for constructing the projections used in [2] coincides with one applied in the present 
paper. However, a closer examination shows that the prescription in [2] is a particular 
case of the one presented here and the apparent difference comes only from the different 
descriptions. 

Acknowledgment I am very grateful to Prof. Jerzy Kijowski for introducing to 
me his idea of constructing quantum states via projective techniques and for valuable 
discussions. 
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